Abstract -Miniature inertial measurement units (IMUs) are wearable sensors that measure limb segment or joint angles during dynamic movements. However, IMUs are generally prone to drift, external magnetic interference, and measurement noise. This paper presents a new class of nonlinear state estimation technique called state-dependent coefficient (SDC) estimation to accurately predict joint angles from IMU measurements. The SDC estimation method uses limb dynamics, instead of limb kinematics, to estimate the limb state. Importantly, the nonlinear limb dynamic model is formulated into state-dependent matrices that facilitate the estimator design without performing a Jacobian linearization. The estimation method is experimentally demonstrated to predict knee joint angle measurements during functional electrical stimulation of the quadriceps muscle. The nonlinear knee musculoskeletal model was identified through a series of experiments. The SDC estimator was then compared with an extended kalman filter (EKF), which uses a Jacobian linearization and a rotation matrix method, which uses a kinematic model instead of the dynamic model. Each estimator's performance was evaluated against the true value of the joint angle, which was measured through a rotary encoder. The experimental results showed that the SDC estimator, the rotation matrix method, and EKF had root mean square errors of 2.70°, 2.86°, and 4.42°, respectively. Our preliminary experimental results show the new estimator's advantage over the EKF method but a slight advantage over the rotation matrix method. However, the information from the dynamic model allows the SDC method to use only one IMU to measure the knee angle compared with the rotation matrix method that uses two IMUs to estimate the angle.
I. INTRODUCTION
F UNCTIONAL electrical stimulation (FES) is used to restore limb functions in persons with neurological disorders such as spinal cord injury (SCI), multiple sclerosis, and stroke. It generates motion by applying low-level repetitive external electrical currents to peripheral motor neurons. FES systems have been shown to restore reach and grasp function [1] , [2] , sit-to-stance function [3] , drop foot correction [4] , and gait restoration [5] .
While closed-loop control design for FES has received increased attention, design of high performance estimation methods that predict limb state has been a neglected research topic in FES. Research in the latter is needed if the sensor measurements are noisy and prone to disturbances. For example, accurate measurements are critical in an FES application that corrects drop foot [6] . Inaccurate angle measurements may lead to nerve stimulation at wrong times, potentially destabilizing the swing phase, which may lead to a fall.
Another major motivation to design limb angle estimation algorithms is to develop a wearable means of gait measurement. Optical motion analysis systems are designed for indoor use and cannot be used outside the laboratory environment. Optical encoders, which are often installed in exoskeletal rigid mechanical attachments, are reliable and accurate sensors for limb angle measurement (see [7] , [8] ). However, these sensors are not suitable for a wearable FES device. A wearable method of measurement uses inertial measurement units (IMUs) that consist of three gyroscopes, accelerometers, and magnetometers [9] - [11] . Many wearable FES systems developed for the correction of drop foot use a single IMU to measure shank angle [4] , [9] , [12] , [13] . This is primarily to replace foot switches, which are unreliable and require wearing shoes. Also, accelerometers and gyroscopes provide a more reliable alternative solution to goniometers which need to be calibrated after every use as goniometers are prone to slippage. IMUs are reliable sensors and do not require calibration. However, they are prone to measurement noise, drift, and external interference [4] , [9] , [12] - [14] , and hence without a filtering algorithm IMUs can severely deteriorate estimation accuracy.
Accurate joint angle estimation may be achieved through model constraint methods [15] - [17] , fusion of inertial and magnetic sensing [18] , [19] , and multi-sensor fusion using cameras, GPS, and laser range finders (see [20] and references therein). However, model constraint methods are not resistant to erroneous measurements and additional sensors such as laser range finders and cameras add bulk to the system. Limb angle estimation algorithms have employed a Kalman filter [9] , [19] , [21] , a complementary filter that uses acceleration measurements as correction signals [6] , [22] , an extended Kalman filter [15] , [16] , [18] , [23] , [24] , unscented Kalman filter [17] , and a resetting algorithm to correct drift in a gyroscope [10] , [14] . However, these studies either use only limb kinematics (i.e., the underlying musculoskeletal dynamics is neglected) or linearize the measurement model. A kinematicsbased measurement model does not capture inertial effects and may not estimate as accurately as a dynamics-based estimation. The EKF algorithm that uses a Jacobian linearization at each previous estimate may introduce large errors during estimation, especially when the measurement model is highly nonlinear.
Recently, a new class of nonlinear estimators, called a state dependent coefficient (SDC) estimator, was suggested for limb angle measurement during FES-elicited tasks [25] , [26] . The new estimator avoids Jacobian linearization of nonlinear dynamics. The dynamic model-based method uses known FES inputs, the musculoskeletal dynamics instead of a kinematic model, and estimates of noise and process covariances to estimate limb joint angles. Simulations have shown that the SDC estimator can improve the joint estimation performance compared to an EKF estimator. The estimators were simulated on a three link dynamic gait model [27] . The method's theoretical development, stability, and its convergence for stochastic nonlinear systems is given in [28] and [29] .
The main contribution of this paper is that a dynamicsbased estimation approach is used to estimate the limb state instead of using a kinematics-based measurement model. It is a first preliminary demonstration of the SDC estimator during FES-elicited tasks. Unlike EKF, which uses Jacobian linearization, an extended linearization is used to alternatively formulate the nonlinear dynamics into SDC parameterized matrices for the estimation process. These multiple SDC parameterizations can be, potentially, optimally weighted and thus, an optimally weighted multiple estimation filter design can be accomplished for a nonlinear estimation problem. In this paper the model-specific SDC-based parameterizations were derived for FES-driven nonlinear musculoskeletal dynamics. The estimator was experimentally validated by obtaining an accurate estimate of the knee joint angle during FES of the quadriceps muscle. The subject-specific parameters for the knee extension dynamic model during FES were experimentally identified for both legs of three able-bodied subjects. The SDC estimator was compared with two different IMU based estimation techniques: a rotation matrix method and an EKF method. A rotation matrix procedure, modified from [30] , that related the orientation of the two IMUs in a shared frame of reference was used to obtain the knee joint angle. The EKF method used the Jacobian linearization of the musculoskeletal dynamics for state estimation during FES. The estimators were compared using kinematic data collected during multiple experimental trials that were performed on the both legs of the three able-bodied subjects.
II. SYSTEM DYNAMICS
The dynamics of a leg extension musculoskeletal system during FES, as shown in Fig. 1 , is given by
where J ∈ R + denotes the moment of inertia of the lower leg, θ,θ,θ ∈ R are the angular position, velocity, and acceleration of the lower leg, G(θ ) = mgl c sin(θ ) is the gravitational torque where m ∈ R + is the mass of lower leg, g ∈ R + is gravitational acceleration, l c ∈ R + is the length from the mass center of the lower leg to knee joint, and τ p ∈ R represents the passive musculoskeletal torque of the knee joint, which is modeled as
where d i ∈ R, i = 1, 2, . . . , 6 and φ 0 ∈ R are subject specific parameters that model the stiffness and damping of the knee joint. In this paper, φ,φ ∈ R represent the anatomical knee joint angle and angular velocity, respectively that are defined as φ = π 2 − θ andφ = −θ. In Eq. (1), τ ke ∈ R is the torque produced by muscle contraction and is modeled as
where c i ∈ R, i = 0, 1, 2, 3 represent the force-length parameters of the dynamic model. The muscle activation variable a ke ∈ R is modeled as a first order system as shown beloẇ
where u ∈ [0, 1] is the normalized electrical stimulation amplitude and T a ∈ R + is the time constant of muscle activation. The normalized electrical stimulation amplitude can be mapped to the current amplitude of the electrical stimulation as
in which I t , I s ∈ R + represent the minimum current amplitude required to produce a movement (threshold) and the minimum current amplitude that produces the maximum muscle force (saturation), respectively. The dynamic system in Eq. (1)-Eq. (4) can be expressed in state space form as followsẋ
where
by Gaussian process and associated with the process noise covariance matrix Q ∈ R 3×3 . The measurement model is shown as follows
where h 1 denotes the angular velocity around Z-axis of shank body frame (Z sh ), B gyro represents the gyroscope bias, h 2 denotes the acceleration measurement in the Y-axis of the shank body frame (Y sh ), and v ∈ R 2 is a zero-mean Gaussian measurement noise with the measurement covariance matrix S ∈ R 2×2 . The gyroscope bias was calculated by taking the average of the signal during the stationary portion of the test. The angular acceleration is ignored in the measurement model. Therefore the acceleration measurement on Y sh can be assumed as pure gravitational acceleration projection on this axis.
III. STATE ESTIMATION
In this section, three state estimation techniques are presented: 1) dynamics-based new nonlinear SDC estimation technique, 2) dynamics-based Extended Kalman Filter method, and 3) kinematics-based Rotation Matrix method. A block diagram of each method is provided in Fig. 2 .
A. Nonlinear SDC Estimation and SDC Parameterization
The SDC estimator is based on the dynamic model given in Eq. (6) and the measurement model in Eq. (7). Unlike the EKF, which uses Jacobian computed at a previous state estimate, the SDC estimator implements an extended linearization form or SDC form. The advantage of the SDC form is that the optimal gain of the nonlinear estimator is computed using multiple SDC matrices based uncertainty minimization criteria [25] . The nonlinear dynamics in Eq. (6) can be written into the SDC form aṡ
. Because SDC parameterizations of the dynamics in Eq. (6) are not unique and different SDC parameterization forms can cause estimation results to vary, a convex combination of A i (x) ∈ R 3×3 matrices were used to increase the accuracy of the estimation. The convex combination is given as In Eq. (8), B ∈ R 3 is defined as
The measurement model in Eq. (7) can be parameterized as
where the output matrix C(x) ∈ R 2×3 is defined as
The A i (x) and C(x) were selected so that the pair A i (x), C(x) is uniformly observable. The SDC based filter is given byẋ
where P 1 (t) ∈ R 3×3 represents the propagated error covariance matrix and is obtained by solving the algebraic Riccati equation
in this case, we chose a = 0.5. The Jacobian matrix L ∈ R 3×3 in Eq. (11) is defined as
The zero-mean Gaussian process noise and measurement noise covariance matrices, Q ∈ R 3×3 and S ∈ R 2×2 , are given by
the process and measurement noise matrices Q and S are constant matrices with a diagonal structure, where the q 1 , q 2 , q 3 ∈ R and s 1 , s 2 ∈ R were determined by tuning for best performance. The parameters used for both estimators is shown in Appendix. Onceẋ was obtained using Eq. (10), the next state was obtained using the fourth order formula of the Runge-Kutta numerical integration method.
B. Extended Kalman Filter
A continuous Extended Kalman Filter (EKF) was proposed to compare the performance of SDC estimator. The EKF algorithm computes,x, as followṡ
∂ x |x are the linearized measurement model matrix. The error covariance matrix P 2 (t) in Eq. (13) was obtained by integrating the following equatioṅ
where L is defined in Eq. (12) and
C. Kinematics-Based Estimation: Rotation Matrix Method
The dynamics-based aforementioned estimators are also compared with a kinematics-based estimation. In order to calculate the knee joint angle, the rotation matrix method involved using two frame transformations for each IMU. The knee joint angle was calculated by defining 2 unit vectors along the longitudinal axes in the respective body coordinate systems and then transformed to a shared global frame to get the angle between the two vectors.
The equation below show how the angle was calculated from the body vectors expressed in the global frame.
where β(t) is the knee joint angle at a given time, v g th (t) ∈ R 3 and v g sh (t) ∈ R 3 represent the thigh and shank unit vectors along the longitudinal axes in the global frame of reference, respectively.
IV. EXPERIMENTS AND ESTIMATION RESULTS
The three estimators were experimentally compared on three able-bodied persons. The testing was performed after taking approval from the Institutional Review Board of the University of Pittsburgh. The objective of the estimation experiments was to estimate knee angle during FES of the quadriceps muscle. Three sets of experiments were conducted. The first set of the experiments was to find the IMU to body (alignment matrix) and IMU to global transformation matrices. The second set of experiments was performed to find the model parameters for the two dynamics-based estimators. The third set of experiments collected IMU data during FES of the quadriceps muscle while the participants sat on the leg extension machine. Finally, data collected from three sets of experiments was used, offline, by the 3 estimators to estimate the knee angle. The experimental set up is shown in Figs. (3a) and (3b) .
A. Transformation Matrices
Either IMU to body (alignment matrix) or IMU to global transformation matrices, or both, were used to compute or estimate state in a reference frame as required by an estimation method. For example, the two dynamics-based estimation methods require system state to be in the body reference frame; thus, would need IMU to body transformation matrix. The rotation matrix method requires state to be in global reference frame.
1) Alignment Matrix: The alignment matrix, also called the IMU to body matrix (R th i and R sh i ), was developed to transform measurements in the IMU frame of reference to the respective anatomical body coordinate system. In some research studies, the IMU frame was assumed to coincide with the body frame [31] - [33] . This is not accurate because misalignment can occur due to the uneven body surface. Also, new methods are available to estimate the sensor to body alignment from arbitrary movements such as in [34] . For this paper the construction of this transformation matrix was derived from [35] - [37] .
In order to define the body coordinate systems the subject was asked to stand still for 10 seconds and then perform three to five hip flexion/extension rotations. As Fig. 3a shows, two IMUs are placed firmly on the thigh and shank segments of the leg using electrical tape. The wireless communication between the IMUs and the wireless dongle was established in a program written in MATLAB 2015a (MathWorks Inc., USA) with a sample frequency of 100Hz. When the subject was standing still, the acceleration due to gravity was used to compute the Z axes in the body frame. Where the Z axes were considered to be parallel with gravity. The purpose for the hip flexion/extension rotations was to create a movement along each respective X axes in the body frames. Finally, the Y axes were computed by taking the cross product of the X and Z axes.
2) IMU to Global Transformation Matrix: For the rotation matrix estimation method, the IMU to global transformation (R g i ) needs to be calculated in order to obtain the estimated knee joint angle. The procedure to create the IMU to global matrix was derived in [38] - [41] . A participant sat in the leg extension machine. During the stationary phase of the experiment, the initial rotation matrix is calculated using the accelerometer signals. Once the subject's leg is in motion the gyroscope signals are integrated to update the rotation matrix at each time step.
3) Body to Global Matrix: v 
B. Parameter Estimation
The parameters of the dynamic model in Eq. (6) are different for each individual, and these parameters need be determined before performing estimation. The experimental setup used to estimate the musculoskeletal parameters is shown in Fig. 3b , where the force from the participant can be measured by the load cell. An encoder was attached to the knee joint to record the true angle for error analysis later. Three able bodied persons participated in the experiment, where each leg was identified as a separate subject. All results of parameter estimation are shown in Table I . A more detailed description of the parameter estimation procedure can be found in [42] . The brief description of the parameter estimation procedure for each subject, collected during five different tests, is given below:
1. Stimulation Ramp: The subject was seated in the leg extension machine in an isometric configuration. The stimulation current amplitude was slowly increased from I lower to I upper by increments of 3 mA with 2 second long pulses instead of a continuous current ramp to avoid muscle fatigue. 20mA and 80mA was chosen as the I lower and I upper respectively. These measurements were used to estimate the saturation and threshold current amplitudes (I t and I s in Eq. (5)). The threshold current amplitude, I t , was defined as the first current amplitude that caused a significant muscle contraction (greater than 3 times the standard deviation of the load cell signal noise). The saturated current amplitude, I s , was the last current amplitude applied in the stimulation ramp that caused the last significant increase in joint torque after the I t was defined. The results of the stimulation ramp procedure for one participant can be seen in Fig. 4 . 2. Push/Pull: These tests were performed by locking the subject's leg at different joint angles and measuring the output torque from the subject using the load cell. The results determined the passive stiffness parameters (d 1 , d 3 , d 4 , d 5 , and d 6 ), mass (m), and length (l c ) parameters. The parameters were calculated by applying a nonlinear least-squares curve fitting algorithm to points plotted in the anatomical joint angle vs joint torque plane. The results of the procedure is shown in Fig. 5a .
3. Isometric Contractions: The torque-angle parameters (c 0 , c 1 , and c 2 ) were determined by performing multiple isometric contractions at seven different joint angles. Similar to the push/pull test, we used a nonlinear least-squares curve fitting algorithm to estimate the parameters. The curve fit is shown in Fig. 5b . All of the isometric contractions were performed at the saturation level, which means that they correspond to the maximum isometric joint torque at that joint angle. Therefore, it can be shown from (3) that normalizing these joint torques by their maximum values is equal to the activation (a ke ). Because it can be shown that the muscle activation is equal to the normalized joint torque during a maximum isometric contraction, the normalized load cell measurement would be approximately equal to muscle activation under this condition. The muscle activation time constant (T a ) was estimated by solving for the time constant of a first order response that best fit the response measured from the load cell, as shown in Fig. 5c . 4 . Pendulum: In order to determine the damping and inertial parameters of the system (d 2 and α), a pendulum test was performed where the subject first held their leg at the full knee extension position and then released it to allow it to fall back to it's neutral position. The encoder was used to measure the motion of leg, which included the oscillation and exponential decay of the position response. The pendulum response is a function of all of the parameters obtained in push and pull test except for d 2 . These previously determine parameters were used as constants in this test to determine d 2 and α. The measurement from encoder and the response from the best fit model were compared in order to calculate the parameters. Since the previous parameters are used for this test, some of the characteristics between measurement and the curve fit didn't match. This can be seen in Fig. 5d .
5. Sinusoidal Input: To find the torque-velocity relationship parameter, c 3 , a sinusoidal stimulation was applied to the quadriceps muscles of the subjects to produce knee extension/ flexion. In order to keep the muscles in tension, a stimulation amplitude was applied so that the range of motion of the joint angle was between 10-70 degrees. The c 3 value was chosen by optimizing the value that would make the best fit. The sinusoidal response is shown in Fig. 6 . 
C. Estimation Experiments
Three able-bodied subjects sat in the leg extension machine while their quadriceps muscle was stimulated, as shown in Fig. 3b . Two IMUs (Yost Labs Inc., USA) are placed firmly on the thigh and shank segments of the leg using electrical tape. The wireless communication between the IMUs and the wireless dongle was established in a program written in Matlab 2015a with a sample frequency of 100Hz. To assess the performance of three estimators, the subject's motion was recorded using an rotary encoder (type: GHH100, produced by CALT) attached to the leg extension machine. The knee angle encoder data was acquired in a Matlab Simulink file with a sampling frequency of 1000Hz. Because the sampling frequencies between the two pieces of equipment did not match, the IMU data was interpolated by using Matlab's cubic spline data interpolation function. The FES (FNS-8 channel stimulator [CWE Inc., PA USA]) was applied to the quadriceps muscle to produce an involuntary motion, where the knee joint trajectory followed a sinusoidal curve. A typical normalized stimulation input,u, derived from Eq. (5), used to stimulate the muscle is shown in Fig. 7 . Three 30 seconds experiments were performed on both legs of each subject. This created a total of 18 trials to analyze each estimator. Due to dropped data points between the IMUs some of the trials were discarded so only 17 trials are shown for EKF and SDC estimators and 15 trials are shown for the rotation matrix method. In the next subsection, the results of the three estimation methods (SDC, EKF and RMX), where estimation procedure was done offline, are presented.
D. Results
For the SDC estimator, ρ i in (9) were chosen so that the root mean square error (RMSE) between the encoder and the estimated knee angle was minimized. An optimization method, using the fmincon function in MATLAB was used to find the optimal ρ i . In order to apply the SDC estimator in a real application, the ρ i needs to be tuned online. Methods similar to that described in [43] can be used in future studies to set ρ i . Fig. 8(a) shows a typical comparison between each estimator for the left leg of person 2 trial 3. The results show that each estimator displayed the overall characteristics of the knee joint angle as it transitions from knee flexion to extension but the majority of the error occurred at the upper and lower peaks of the curves. The SDC estimator and EKF method compensate for most of the drift from the IMUs during upper and lower peaks compared to the rotation matrix method. Fig. 8(b) and (c) shows the other two state variables, x 2 and x 3 , over the time of the test.
The SDC estimator and EKF only used measurements from IMU on shank, while the rotation matrix used measurements from both IMU sensors. Results of 2 trials of rotation matrix were unavailable because the IMU on thigh dropped almost half of the data points during the experiment. Also, the last trial for participant 3 for the right leg was discarded due to possible cross talk between the IMU sensors. Table II shows all RMSEs of the estimation results of these three methods.
The Shapiro Wilk test was used to determine if the RMSE data were normal data sets. The test showed that the RMSE data sets are not normal distributions. Therefore, a Wilcoxon signed rank test with a 95% confidence level was used to determine if there was a statistically significant difference between the RMSEs of the 3 estimators As shown in Fig. 9 , based on the results of the Wilcoxon signed rank test, there 
V. DISCUSSION
High performance closed loop control of FES requires accurate limb angle feedback. The feedback is usually obtained from optical encoders that are attached to limbs through exoskeletal rigid mechanical attachments. To enable wearability of FES devices, an IMU would be a better option than using an angular encoder, which would require an exoskeletal set-up. However, IMUs are susceptible to drift and noise, leading to inaccurate limb angle estimates. In this paper, a new class of nonlinear estimators called the SDC estimator was used to estimate the knee joint motion during FES. The use of the SDC estimator overcomes limitations of Jacobian linearization (e.g., in EKF) by considering an alternate formulation called extended linearization. The new single joint angle estimation method provides a preliminary evidence of better performance vis-à-vis EKF and kinematics-based rotation matrix method. The experimental results showed that the SDC estimator, the rotation matrix method, and the EKF method had root mean square errors of 2.70°, 2.86°, and 4.42°, respectively.
Unlike the EKF method, the method employs SDC parameterization, which is a form of an extended linearization, to compute optimal error covariance and gain of the estimators. In the Appendix, we show the derived SDC parameterization used for the estimator. The SDC estimator performed well compared to EKF fusion orientation tracking algorithms described in [18] and [19] , where an additional magnetic sensor was implemented, but a dynamic model was absent. Their results showed that the lowest RMSE was 2.3°, which occurred during 10 trials of an upper arm abduction movement. Even though the magnetic sensor can be used to counter the gyroscope drift, the dynamic model-based estimator may provide a better estimate and a more reliable estimator for ambulatory tracking. Especially when the use of magnetic sensor is hard to predict when the magnetic disturbance is present.
The preliminary results show the new estimator's advantage over the EKF method but a slight advantage over the rotation matrix method. However, the information from the dynamic model allows the SDC method to use only one IMU to measure the knee angle compared to the rotation matrix method that used 2 IMUs to estimate the knee angle. Another main weakness of the rotation matrix method is that it does not account for the gyroscope drift after subtracting the initial bias. This was not highlighted due to the test only running for 30 seconds, which displays an insignificant amount of drift. If the SDC estimator and the rotation matrix were used in a real world application, the SDC will show a superior performance since it compensates for the gyroscope drift online.
Nonetheless, there are limitations of the new method such as an effort in model identification, precise knowledge of muscular inputs, and tuning of parameters. The ρ i parameters were tuned offline with the angular encoder as a true reference signal. In order to extend the SDC estimator for real time applications, i.e. without the encoder, methods in [25] and [29] can be used in future studies. Errors during parameter estimation procedure may lead to error in the estimation. So accuracy of model identification procedure is critical. In some FES applications, the model may be already available (e.g., see model-based control design methods [44] , [45] ). Then the model identification procedure can be bypassed and the available model can be used in the estimator design. To obtain the musculoskeletal parameters during home use by persons with stroke or SCI, equipment and parameter estimation methods similar to that described in [43] can be used. Volitional inputs can be provided to the SDC estimator as well to include volitional ability of a user. Then the SDC estimator can be extended to correct gait of persons with stroke, who have residual volitional drive. To predict residual volitional drive by a person with stroke, measurements of the volitional motion and contact forces in the leg can be captured through electromyography and force sensitive resistors, respectively.
Finally, we intend to implement the SDC estimator in FES applications that include drop-foot correction and walking restoration. Our current work focuses only on estimation design for a single joint. The results in the paper are preliminary and the estimator's performance during gait still remains to be tested. Also, our future goal is to combine the SDC estimator with a control design for FES (e.g., in [7] , [8] , [46] , and [47] ) that uses IMUs for feedback. Combining SDC estimator with an FES controller would require proving convergence of a nonlinear estimator and controller stability at the same time, which is an open research problem.
VI. CONCLUSION
A new method of estimation called the SDC estimator was introduced. The knee joint motion during FES of the quadriceps muscle was measured by using IMUs. The knee dynamics was used instead of a kinematics-based measurement model The statistical analysis results show that the SDC estimator's performance is statistically significantly different from the EKF method, which uses a linearized model. Future work, will go into integrating the SDC estimator with a closed-loop FES controller that uses IMU sensors to measure limb state.
APPENDIX

SDC Parameterizations:
The SDC parameterizations, given below, were used for the SDC estimator as described in Section III-A. These matrices were designed such that each parameterization, A i (x), captures the system dynamics, i.e., A i (x)x = f (x, u). 
